Abstract. In the paper, a Picone-type identity for the weighted p-polyharmonic operator is established and comparison theorems and other qualitative results for a class of half-linear partial differential equations of the 4mth order based on this identity are derived.
INTRODUCTION
Recently, an identity of the Picone type for the weighted p-biharmonic operator was established by the present author [5] and employed in proving comparison theorems and other qualitative results for a pair of fourth-order elliptic partial differential equations of the form where p > 1, a, A ∈ C 2 (Ḡ, R + ), c, C ∈ C(Ḡ, R), G is a bounded domain in R n with a piecewise smooth boundary ∂G, ∆ = (∂ 2 /∂x 2 1 ) + . . . + (∂ 2 /∂x 2 n ) is the usual Laplace operator and | · | denotes the Euclidean length of a vector in R n . Roughly speaking, the identity from [5] states that if u and v are (classical) solutions of (1.1) and (1.2), respectively, and v(x) > 0 in the domain under consideration, then: 
where Φ p (X, Y ) is a certain positive semi-definite form specified in Section 2.
A typical result that can be obtained by integrating the above identity on a given bounded domain G with a piecewise smooth boundary ∂G and using the divergence theorem combined with suitable boundary conditions is the following comparison theorem. Theorem 1.1. If there exists a nontrivial solution u of (1.1) satisfying
then every solution v of (1.2) which satisfies ∆v < 0 in G and v(x) > 0 for some x ∈ G has a zero inḠ.
Here and in what follows ∂/∂ν denotes the exterior normal derivative. The purpose of this paper is to extend Theorem A and other results from [5] to a class of 4mth order elliptic equations of the form
and 6) where m ≥ 1, a, A ∈ C 2m (Ḡ, R + ), c, C ∈ C(Ḡ, R) and ∆ m denotes the mth iteration of the Laplace operator (or the so-called polyharmonic operator) defined by
The paper is organized as follows. In Section 2, we establish two forms of the desired extension of Picone's formula. The first one is suitable for obtaining results concerning a single equation of the form (1.6) (or the associated inequality) while the second one relates two functions u and v from the domains of the operators l and L defined by the left-hand sides of (1.5) and (1.6), respectively, and can be used for comparison purposes. In Section 3, we illustrate applications of the basic identities by deriving comparison theorems and other qualitative results (such as lower bounds for eigenvalues, the generalized Wirtinger inequality etc.) for partial differential equations and inequalities involving the weighted p-polyharmonic operator.
For related results in the particular case m = 1 see [3] (p = 2), [4] (general p > 1 and n = 1) and [8] (p = 2 and n = 1). The case of linear even order ordinary differential equations was studied in [6] . Picone identities for various classes of half-linear partial differential equations of the second order and their applications can be found in the monographs [1, 10] .
IDENTITIES FOR ELLIPTIC OPERATORS OF THE 4m-th ORDER
Let m ≥ 1 and G be a bounded domain in R n with a piecewise smooth boundary ∂G and let a, A ∈ C 2m (Ḡ, R + ) and c, C ∈ C(Ḡ, R), where R + = (0, ∞). For a fixed p > 1 define the odd power function ϕ p : R → R by ϕ p (s) = |s| p−2 s for s = 0 and ϕ p (0) = 0, and consider partial differential operators of the form
and
Also, denote by Φ p the form defined for X, Y ∈ R and p > 1 by
From the Young inequality it follows that Φ p (X, Y ) ≥ 0 for all X, Y ∈ R and the equality holds if and only if X = Y .
The proof of the basic identity contained in the following lemma involves only routine differentiation and its verification is left to the reader. We call it a weaker form of Picone's identity because of the relative weak hypothesis that u is an arbitrary 2m-times continuously differentiable function which does not need to satisfy any differential equation or inequality.
Formally integrating (2.1) over G and applying the divergence theorem yields the generalized Picone identity in the integral form 
which holds for any u ∈ D l (G), yields the following stronger form of the generalized Picone's formula:
The integration of (2.3) with the use of the divergence theorem gives the integral formula of the Picone-type which generalizes the result from Yoshida [9, Theorem 2.1]:
∂ν ds+
(2.4)
APPLICATIONS
Let α = (α 1 , . . . , α n ) be a multi-index with nonnegative integer components and the norm |α| = α 1 + . . .
As a first application of identity (2.2) we prove the following non-existence result.
for some nontrivial function u ∈ C 2m (Ḡ, R) such that
Remark 3.2. When m = 1, then conditions (3.5) and (3.6) are redundant. 
Consequently, ∇u − (u/v)∇v = 0 in G, that is, u/v = k in G, and hence onḠ by continuity, for some nonzero constant k. However, this cannot happen since u = 0 on ∂G whereas v > 0 on ∂G. This contradiction shows that no v satisfying (3.3)-(3.7) can exist. has a zero inḠ.
Proof. If the solution of (3.3) satisfies (3.5)-(3.8), then either v(x 1 ) < 0 for some x 1 ∈ ∂G, and so v must vanish somewhere in G, or v(x) ≥ 0 for all x ∈ ∂G. In the latter case, however, from Theorem 3.1 it follows that v(x 0 ) = 0 for some x 0 ∈ ∂G, and the proof is complete.
From Theorem 3.3 we easily obtain the following integral inequality of the Wirtinger type. The next result which readily follows from integral identity (2.4) derived in Section 2 is the following general comparison theorem. It belongs to weak comparison results in the sense that the existence of a zero of at least one of the functions v, ∆v, . . . , ∆ m−1 v is established inḠ rather than in G. 
